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Fractal behavior of nanocrystalline ceria–yttria solid solution
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Abstract

The fractal characteristics of nano-sized powders of CeO2–YO1.5 solid solutions, prepared by combustion synthesis and calcined

at various temperatures, have been investigated by small angle X-ray scattering technique. Results show a mass-fractal behavior for

the powders with mass-fractal dimension Dm in the range 2.2–2.6. The estimated particle radii are in the range of 4–15 nm, which is

in close agreement with TEM results. For the powders calcined at higher temperatures, the particle interface has a tendency to

become rough with a significant growth in the particle size and polydispersity.

r 2003 Elsevier Inc. All rights reserved.

1. Introduction

Doped ceria is an important material in view of its
potential applications as a solid electrolyte for its use in
oxygen concentration cells and in solid oxide fuel cells
[1]. It is also used in controlling the air-to-fuel ratio in
automobile exhaust [2]. As ceria can be used as a
surrogate material for plutonia, its substituted deriva-
tives are also used to simulate thermo-physical proper-
ties of plutonia based system [3–5]. Several divalent
alkaline-earth and trivalent rare-earth oxides form
extensive solid solutions with ceria resulting in signifi-
cant improvement of properties [6–8]. For example, an
aliovalent substitution of trivalent yttria into the lattice
of ceria results in the formation of oxygen ion vacancies
thereby enhancing the ionic conduction [9,10].

Most of these properties of micro-crystalline materials
are modified significantly upon reducing the size of the
crystallites to nano-meter scale [11,12]. The properties of
such nano-sized powders are influenced by shape, size
and size distribution of the constituting particles [13,14],
which in turn depend on the characteristics of synthesis.
Among the available solution chemistry routes, the
combustion technique is capable of producing nano-
crystalline powders of the oxide ceramics at lower
calcination temperatures in shorter times [15–17].
Generally, powders obtained by this technique possess
highest degree of phase purity with improved character-

istics like narrow particle size distribution, higher
surface area and better sinterability. Because of their
relatively high specific surface area and being in a
metastable state, these particles often form aggregates
which are viewed as fractals. The term ‘fractal’
originates from the fact that some objects posses a
self-similarity (scaling is isotropic) or self-affinity
(direction dependent scaling) over a wide range of
length scale. The fractal features of powders constituting
nano-pores and nano-particles can be probed by small
angle X-ray scattering (SAXS) technique [18–20]. For
the aggregates in nano-sized powders obtained by
combustion synthesis, the mass-fractal nature has been
demonstrated [21] experimentally for the first time to
best of our knowledge in yittria-based system. Since
then, not many studies have focused on this aspect. In
this work, the fractal behavior of the nano-sized
Ce0.55Y0.45O1.755 powders, chosen from the series of
CeO2–YO1.5 synthesized by combustion method, has
been investigated by SAXS technique. The influence of
calcination temperature on the structural features of the
powder is discussed.

2. Experimental

2.1. Sample preparation

AR grade cerium nitrate [Ce(NO3)3 � 6H2O], yttrium
nitrate [Y(NO3)3 � 6H2O] were used as oxidants whereas
the citric acid (C6H8O7 �H2O) was used as a fuel. They
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were mixed in the required molar ratios in a minimum
volume of de-ionized water to obtain transparent
aqueous solutions. This solution, after thermal dehydra-
tion (at E80�C on a hot plate to remove the excess
solvent), resulted in the highly viscous liquid. As soon as
the viscous liquid was formed, the temperature of the
hot plate was increased to E250�C. At this stage, the
viscous liquid swelled and auto-ignited, with the rapid
evolution of large volume of gases to produce volumi-
nous powders. Since the time for which the auto-ignition
exists is rather small (o10 s), to remove traces of
undecomposed citric acid, nitrates and their decomposi-
tion products, the powders obtained after auto-ignition
were calcined at 500�C for 1 h to obtain pure, well
crystalline ceria powders.

In order to find the influence of temperature on grain
growth and fractal behavior, the powders were calcined
at six different temperatures viz. 500�C, 600�C, 700�C,
800�C, 900�C, and 1000�C for about an hour in static air
and were cooled to room temperature. These samples
(labeled S1–S6) were used for SAXS experiments.

2.2. Small angle X-ray scattering (SAXS)

SAXS measurements were carried out using a Rigaku
small angle goniometer mounted on a 12 kW rotating
anode X-ray generator (CuKa). The intensities were
measured by transmission method using a scintillation
counter with pulse height analyzer. Scattered X-ray
intensity IðqÞ was recorded as a function of the
scattering vector q (¼ 4pU sinðyÞ=l), 2y being the
scattering angle and l; the wavelength of incident
X-rays. The intensities were corrected for sample
absorption and smearing effects of collimating slits [22].

3. Method of analysis

SAXS profile of a fractal system follows a power-law
over a range of at least one order of magnitude in q:
Thus, the scattered intensity IðqÞ can be described as

IðqÞBq�a; ð1Þ

where a is a noninteger related to the fractal dimension.
For mass fractals with dimension Dm; a ¼ Dmp3
whereas for surface fractals with dimension Ds; a ¼
ð6� DsÞ43:0 and 2pDsp3 [18]. Thus, the slope of the
scattering curve on log–log scale indicates the type of the
fractal. Usually, the power-law scattering (Eq. (1)) is
observed in a limited q-range determined by upper and
lower cutoff lengths between which the system behaves
as a fractal. A detailed discussion on the functionality of
IðqÞ for fractal systems is discussed in literature
[18,23,24].

For the analysis of scattering data from a complex
system containing multiple levels of structural regimes,

an unified formalism was developed [25] recently.
Following this formalism, IðqÞ for a system consisting
mass-fractal aggregates of individual particles is given
by the equation [25,26]

IðqÞ ¼Gg expð�q2R2
g=3Þ þ Bg expð�q2R2

s=3Þ

½ferfðqRg=
ffiffiffi
6

p
Þg3=q
m þ Gs expð�q2R2

s=3Þ
þ Bs½ferfðqRs=

ffiffiffi
6

p
Þg3=q
n; ð2Þ

where m is the mass-fractal dimension Dm and n gives
the value of (6� Ds) for the surface-fractal. Rs and Rg

are the average radii of gyration of aggregates and basic
particles, respectively. Eq. (2) has been used for the
analysis of present X-ray data.

In order to obtain the size distribution of the particles,
the observed intensity profile has been fitted to that
expected for a polydisperse medium of spherical
particles [27,28]. The observed intensity can be approxi-
mated as

IðqÞDC

Z
P2ðq;RÞDðRÞR6 dR

� �
SðqÞ; ð3Þ

where Pðq;RÞ is the form factor of a spherical scatterer
with radius R and is given by

Pðq;RÞ ¼ 3½sin ðqRÞ � qR cos ðqRÞ
=ðqRÞ3; ð4Þ

C is a constant that depends on the scattering density
contrast and SðqÞ is the inter-particle structure factor.
DðRÞ is the pore size distribution with DðRÞ dR

representing the probability of the pores having a radius
between R and R þ dR: For a Weibull-type distribution,
which is used presently, the function is given by

DðRÞ ¼ ½R=a
ðb�1Þ exp½�ðR=aÞb
: ð5Þ

For the system of fractal aggregates at larger length
scale, SðqÞ can be expressed as [29]

SðqÞ ¼ 1þ ½dGðd � 1Þ=fðqr0Þd ½1þ 1=ðq2x2Þ
ðd�1Þ=2g

� sin½ðd � 1Þ tan�1 ðqxÞ
; ð6Þ

where x and 2r0 are the upper and lower cutoffs of the
fractal whereas d is the fractal dimension Dm:

4. Results and discussion

The fractal features of larger aggregates are reflected
in the relatively smaller q-region of the SAXS profiles
where as the information about the constituent basic
particles is contained in the relatively higher q-region.
Fig. 1 shows the (resolution corrected) observed and
fitted (to Eq. (2)) intensity profiles of the samples S1–S6
as plotted on log-log scale. In the figure, two distinct
fractal dimensions one at low-q region (corresponding to
aggregates) and the other at high-q region (correspond-
ing to surface of the basic particles) can be noticed.
From the fitted parameters, the power-law exponents
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and size of the entities are obtained. The values of
the power-law exponents (slopes of the lines) at low-q
and high-q regions, representing the fractal dimensions,
are listed in Table 1. Typical values are also indicated
for S1 in Fig. 1. The values of the slopes ðmÞp3:0
at lower-q region indicates the mass-fractal nature
of the aggregates. A marginal variation of m from one
sample to other suggests that the fractal nature of
the mass-fractal aggregates remains almost unchanged
with calcination temperature. At high-q regions, the
value of the exponent (n) varies between 3 and 4
featuring a rough surface for the particles in general
(the exponent is 4.0 for smooth surface of the particles).
However, the average value of n varies from about 4.0
for S1–S3 to about 3.75 for S4–S6 suggesting that
the smooth particle interface has a tendency to become
rough beyond the calcination temperature of 800�C.
It is noteworthy that the mass-fractal nature has also
been observed for the aggregates in yttria-based
combustion synthesized powders [21], although the
particle interface was noticed to be some what fuzzy in
those systems.

The fitted values of the radii of gyration of the
aggregates and their constituting particles (assuming a
spherical shape for the particles and aggregates) for all
the samples are also listed in Table 1. These results show
that the average radius Rg of the mass-fractal aggregates
varies from 75 to 85 nm whereas the average radius Rs of
the basic particles is in the range of 4.5–15 nm for the
calcined powders. The order of magnitude of these
values are verified by comparing with those obtained by
a typical TEM picture (Fig. 2) of S2. As is known, unlike
in TEM, SAXS gives the statistically averaged values of
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Fig. 1. Log ðIÞ vs. Log ðQÞ plots of Ce0.55Y0.45O1.755 powders prepared by combustion synthesis and calcined at various temperatures in the range

500–1000�C. Typical values of the slopes are indicated for the sample S1.

Table 1

Structural parameters of the powder calcined at various temperatures

Temperature (�C) Radii of gyration (nm) Power-law exponents

Rg Rs mð¼ DmÞ nð¼ 6� DsÞ

500 75 4.5 2.44 3.97

600 75 5 2.39 4.1

700 85 6.1 2.3 4.0

800 85 8 2.25 3.65

900 80 12 2.57 3.85

1000 85 15 2.55 3.85

Fig. 2. TEM picture of the sample S2 calcined at 600�C.
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the size of the entities. Thus, it can be noticed that the
order of magnitude of the sizes obtained by SAXS are
fairly consistent with the average values of the sizes of
both aggregates and smaller particles from the TEM
picture (Fig. 2).

Also, since the TEM picture indicates considerable
polydispersity in the size of the particles, we have
estimated the particle size distribution DðRÞ in the
powders S1–S6 from SAXS data using Eqs. (3)–(5). As
sown in Fig. 3, the narrow size distribution for the
particles calcined at lower temperatures becomes sig-
nificantly wider at higher temperatures. This result,
combining with an increase in the radius of the particles
with calcination temperatures (Table 1) suggests some
sort of rearrangement or mobility of the particles
followed by clustering with increase in the temperature.

Assuming an Arhenius type dependence
(Rspexpð�A=TÞ) between the average particle size
(Rs) and calcination temperature (T) [31,32], interest-
ingly, a plot of lnðRsÞ vs. (1=T) (Fig. 4) shows a linear
dependence in the region AB (form about 700�C to
1000�C). This result as well as the significant increase in
the polydispersity (wider size distribution) of the particle
sizes from 700�C (Fig. 3) suggests that the cluster
formation of the particles gains momentum from a
calcination temperature between 700�C and 800�C. This
in turn is supported by the observed narrowing of (111)
diffraction peak (which corresponds to an increase of
the average size of the crystallites from 6nm at lower
temperatures to about 14 nm) of the powder calcined at
about 800�C [30]. Thus, although the particle aggrega-
tion is commonly noticed in the powders obtained by
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Fig. 3. Particle size distribution in the powders S1–S6 as estimated from SAXS data.
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Fig. 4. Variation of Ln (average particle radius) with inverse of the calcination temperature of the powder samples.
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combustion synthesis [21], the present study suggests
that the clustering process is significantly influenced by
the calcination temperature of the powders.

The mass-fractal nature of the aggregates formed in
the nano-sized powders obtained by combustion synth-
esis has been modeled theoretically by Tandon and
Rosner [26]. Latter, it has been noticed [21] experimen-
tally for the first time in yittria-based nano-sized
powders. However, the experimental value (in the range
1.7–1.8) of the mass-fractal dimension Dm was reported
to be significantly lower than the theoretical value (in
the range 2–3, see Ref. [21]). To our knowledge, no
further experimental study on this aspect is done prior
to the present one. The mass-fractal nature for the
aggregates observed in yittria-based powders [21] and in
Ce-based powders (present study) is in agreement with
the theoretical model [26]. Further, the value (in the
range 2.2–2.6) of Dm for Ce-based powders obtained in
our study is higher than that reported in the yittria-
based powders [21]. Thus, unlike those in yittria-based
powders, the range of values of Dm observed in Ce-
based powders agrees well with that of the theoretical
model [26]. However, further studies on more variety of
nano-sized powders is required to obtained a clear and
complete picture on this important and interesting
fractal behavior of nano-sized powders prepared by
combustion method.

5. Conclusions

The fractal behavior of nanocrystalline ceria–yttria
Ce0.55Y0.45O1.755 powders prepared by combustion
synthesis and calcined at various temperatures has been
investigated by SAXS. The estimated size of the particles
and the aggregates are in fair agreement with TEM
results. The mass-fractal nature including the fractal
dimension Dm observed in the present study supports a
recently reported theoretical model [21,26]. We have
also noticed that the size of the constituent particles
increases with calcinations temperature and the cluster-
ing of the particles has a tendency to fasten from a
calcination temperature between 700�C and 800�C. The
variations in size and size-distribution of particles with
calcination temperature observed in this study may have
significant influence on the optical, catalytic and other
related properties of the nanocrystalline doped ceria.
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